THE DELSARTE-DARBOUX TYPE BINARY 
TRANSFORMATIONS AND THEIR 
DIFFERENTIAL-GEOMETRIC AND OPERATOR STRUCTURE. 

PART 1 

Y.A. PRYKARPATSKY, A.M. SAMOILENKO, A.K. PRYKARPATSKY, AND V.HR. 

SAMOYLENKO 

Abstract. The structure properties of multidimensional Delsarte-Darboux 
transmutation operators in parametric functional spaces is studied by means of 
differential-geometric and topological tools. It is shown that kernels of the cor- 
responding integral operator expressions depend on the topological structure 
of related homological cycles in the coordinate space. As a natural realization 
of the construction presented we build pairs of Lax type commutative differ- 
ential operator expressions related via a Delsarte-Darboux transformation and 
having a lot of applications in soliton theory. 



1. Introduction: conjugated differential operators and their 

properties. 

Let us consider the following functional space Ti := £1(1"^^ ^yH), where H = 
L2{M.x;C'^), N G Z+, in which the next matrix-differential expressions 

d d "^■^^ d' 

(1-1) : =__ga.(.;y,0^:=A 

are defined. Here lf^ = :== [0, Y] x [0, T] e R^, matrices a,, bj G (^^(/^ yy,S{R; EndC'^)), 

i = l,n(L), j = l,n{M), where S{R;EndC^) is the space of matrix-valued 
Schwartz class coefficient functions, and n{M), n{L) G Z+ are fixed orders. Let 
H* :— Li{l'^^ vY^*) corresponding conjugated s to 7i space. 

Let us define on the space TL* xTi. an ordinary semi-linear scalar form according 
to the rule: for any pair {cp, tjj) G H* x H 

(1.2) J dtdy j dx < ip,'ilj >= J dtdy j dx {ip'^ tp) , 



1991 Mathematics Subject Classification. Primary 34A30, 34B05 Secondary 34B15. 

Key words and phrases. Delsarte transmutation operators, parametric functional spaces, Dar- 
boux transformations, inverse spectral transform problem, soliton equations, Zakharov-Shabat 
equations. 

The fourth author was supported in part by a local AGH grant for which he thanks. 

1 



Y.A. PRYKARPATSKY, A.M. SAMOILENKO, A.K. PRYKARPATSKY, AND V.HR. SAMOYLENKO 



where < • , • > is the standard semi-hnear scalar form on , the bar " — " 
means the usual complex conjugation and " j " means the standard matrix trans- 
position. Concerning the scalar form (|1.2|) let us study a problem of existence the 
corresponding to Hl.l|l conjugated matrix differential operators in the space Ti*. 

Differential expressions L,M : H ^ H are defined on the domain Doni(L, M) C 
H, being dense in H. Then, by definition, the conjugated operators L* , M* : H* 
H* exist and for all (p,ip ^ W^l'^j. ^y, Dom(L, M)) the following equalities 

(1.3) (£V, ^) = £V), (A^ V, V') = [v, M^P) 

obviously hold. Then one can consider the corresponding to H1.3|l frelationships 
being analogs of the classical Lagrange identities for the operator £ 



d d 

and for the operator Ai 

d_ 



(1.4) < £V,V' > - < ^,Ci^ >= + 7^(<^^V') 



(1.5) < XV, > - < >= ^(Af)b,^] - — (-^^V-), 



where Z{^^ [lp, -0] and Z(^m) Vp, "0] are some semi-linear forms on TL* x TL. From (|1.4|l 
and H1.5|l one sees that the conjugated operators L* : H* ^ H* and M* : H* 
H* are defined if there exists a matrix £ C^(K^ x P; C) satisfying the expressions 



(1.6) ^ V dn/dx, ij] = dn/dt, z^m) 0] = dn/dy, 

together with conditions 

(1.7) d^/dy, dn/dteW^Hlyy.H). 

By means of integration p.4|l and (|1.5|l correspondingly with respect to the mea- 
sures dt A dx and dy A da; we find that a function ^l G C^(M} x P;C), called a 
Delsarte transmutation generator, exists if there holds the following condition: the 
differential form 

(1.8) Z^^'>[ifi,tp] -.^ Z(^L)[(p,ilj]dy + Z(^M)['P,tp]dt) + ip'^i^dx ^ dn[(p,il;], 
is exact, that is one can write down the following relationship 

(1.9) f}[^,0] =17ob,^]+ / ^('^[^,0], 

Js{P:Po) 

where S{P; Pq) C Mx P is some smooth curve connecting a running point P{x; y, t) G 
MxZ^ with a fixed point P{xQ;yQ,tQ) G Mx/^, a function nQ[(p,^] is a semilinear 
form on H* x H constant with respect to variables {x; y,t)^RxP. It is clear that 
conditions p.7|l for the mapping p.9|l are certain restrictions concerning {x;t,y)- 
parametric dependence of functions {(pji^) G "Hq x Ho- Let Hq x Ho be a closed 
subspace of pairs of functions {(p,tp) S HI xH- where H*_ xH- are the cor- 
respondingly Hilbert-Schmidt rigged 0] E] spaces Li{^^yyHZ_) x Li{l^^ ^y H-). 
Consider the expression (|1.8I) for if G Hq C H*_ and ip G Ho C H- satisfying the 
conditions p.7|l . It is enoug to assume that CiIj — and Mtp — for ip GHq oraz 
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L*Lp = and M*Lp = for all Lp G where 

Ho : =WA;OeH_:/:^(A;0=0, A1*(A;e) = 0, 7/;(A;e)L^„+ 

= cr(L,M) na-(L*,M*) X E^}, 

(I.IOK : -MA;OeH*_:/:V(A;e) = 0, XXA;O = 0, ^(A;OL.o+ 
= ^^e H*_, M^^ = A, (^^,<^(e)U=.o = 0, (A;0 e E 

= CT(i,Af) nCT(i*,Ar) X E,,} 

for some fixed point S M and a "specrtral" set E = cr(L, M) nf7(L*, Af*) x E^r C 
C^, cr(L, A/) C C is a combined spectrum of operators L and M and (t{L*, M*) C C 
is that for the adjoint pair L* and Af* in H. Thereby one can formulate the following 
proposition. 

Proposition 1.1. Consider a pair of functions {ip,tp) G x^o; then there exists 
a semilinear form Q, : Ti^ xTio ~^ C, such that relationships fl.8\) and ^1.9\) hold. 

The proposition above makes it possible to study now local prperties of operators 
C and Ai'vaJi withrespect to some their dependence on parameter variables (y, t) G 
P . To study this dependence let us proceed to its corresonding analysis in the next 
Chapter. 

2. Structure of Delsarte-Darboux transformations 

Consider now another pair of operators C and A4 : Ti. Ti. for which there exist 
the corresponding conjugated operators L* and M* : H* —* H* . Making use of 
the Proposition 1 we can easily find another Delsrate transmutation generator U, G 

(R X C) being a semilinear form on suitable pairs of functions ■0) G T^o x '^o 
for which there exist the corresponding semi- linear forms Zf^^[ip,ip], Z^^;^-^ ■)/)] 
satisfying the conditions like (|1.4|) . p.5|) . and (|1.7|l : 

(2.1) ^'V' dh/dx, ^] = [(p, V'] = 
together with conditions 

(2.2) 5f2/Sy, 9fi/9iGM/i(;2 ^);i/). 

By means analysing conditions (|2.1|l we can similarly as before state that a function 
n G C^(R^ X Z^; C) exists if the differential form 

(2.3) Z^'\^,i^] :=%)[^>]d2/ + Z(^-^)[(^,V']dt)+^^V'da; = df2[^,V'], 

is exact, that is one can write down the corresponding to (|2.3f) relationship for 
r2[i^, -0] := f^(A; ^1/^; 77) as follows: 

(2.4) f)(A; ^Ia*; v) = ^o{X; ^ v) + 1 Z^^^ [^(A; 0. V'(a^; ^)] 
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for all pairs (A;^) and (/i; ly) G E, where by definition, 

(2.5) Ho : = MX.. G HI : C^{X; - 0, >1^(A; - 0, 

^(A;C)U=o+ = V-A e L 7^;, = AV-A, ^(A;<e)U=xo = 0, 

e (A;0 e S = <t(L,M) nrT(Z*,M*) X E^} 

HS : -{^(A;ry)eHl :r^(A;77)=0, ^*^(A;r;)=0, 
= A¥3a'^(A;?7)U=o+ = ^Pa e <^(A;77)U=£o = 0, 

(y,i) e ^^ (A;?7) e E = (7(Z,if) na(Z*,if*) X E„} 

for some fixed points xo £ M and the "spectral" parameter set E :— a{L, M) x E^r C 
C^. Assume now that there exists an isomorphic bounded mapping : Ho Ho, 
parametrized by pairs ((/f (A; f ), <^(^; rj) gHqX Hq and ("(/"(A; £,),ip{lJ.; rj)) G Ho x Ho, 
(A; ^) and (/i; ?]) G E, which we will define as 

(2.6) n : ^(A; ^ ^(A; : = V'(A; • f^-^f^o, 

where one supposes that an expression H.^^ : L2{'S;'C) L2(E;C) denotes the 
inverse operator for the corresponding kernel ri(A; 77) G LS^C^iC) x L2(E;C), 
where p is some finite Borel measure on the Borel subsets of a " spectral" parameter 
set E. The corresponding isomorhic bounded mapping between subspaces Hq and 
n^, i.e. n® -.n^^ ni such that for any pair 0, (^(a^; v)) e x H* 

(2.7) n® : ^(A; - ^(A; - ^(A; • ^l®^-'nf, 

where, by definition, the kernel f7® (A; ^ :=^^^(A;0 e -^2(S; C) x L^(E; C), (A;0 £ 
E. It is easy to see now that the following proposition holds. 

Proposition 2.1. The constructed above pair of mappings (CI®, CI) is consistent, 
i.e. there exists such a kerenel Cl{X;^) G ^2(^5'^!) x L2{J^;C), that conditions ifi^.i^) 
and fOj) hold. 

Proof. Indeed, by using expressions (|1.8|) . H2.3|l . H2.6|) and (|2.7|) we easily obtain 
that 

dn = fio^^^dnn-^fio = -d {nofi-^no) , 

whence the mapping Q, — —iloCt^^^lo and the condition 51o = — fio holds. > | 

Since the functional spaces Ho and Ho are consistent, the expressions for C 
:— ClCn^^'dnd M. :— JlA^il^^prove to be differential too. The corresponding 
mappings Vt and CI® : H — > H are often called Delsarte-Darboux type transfor- 
mations and were for the first time used by Darboux Q and in general form was 
studied by Delsarte and J. Lions P 13111 El E|. 

Consider now the compatible pair of invertible Delstare mappings (Jl, CI®) from 
the closed functional spaces Ho x TL^ c H_ x HI to closed subspeces Hq x Hq C 
H_ X HI reduced naturally upon H x 7^*. It means that the following diagram 

H H 

n ^ n 
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is commutative, and consequently the relationships fl-C = C-ft and fl-M = Ai-fl 
hold. These relationships connect evolution operators L and M in the whole space 
Ti. with the corresponding evolution operators L and M. 

In order to define an exact form of mappings fl : H ^ H and SI® : H* Ti* we 
will make use of the mappings H2.6|l and (|2.7(l on fixed elements {>p{X; C), "h)) S 
Til ^ ^0, (Ai;r;) e S.. Namely, from (|2.4|l we get that 

(2.8) ^(A;^) = fl®i^{X;0)--= |dpi^^;v)|dp{:^■,7M^i■,v) 

S E 

that makes it possible to define the operators Q : Ti Ti and ft® : TL* TL* as 

S E 

X rz("-i)[^(i.;7),(-)] 



= 1 - y c?p(m;'7) y dp{i^;j)<f{p;ri)nf^ ^{p-ri\i^;j) 

E E 

X rz(™-i)'T[(.),V'(^^;7)], 

with p being as before some finite Borel measure on the Borel subsets of a " spec- 
tral" parameter set E. 

Now based on expressions (|2.9|l . one can easily find the "dressed" operators 
C, A4 : TC ^ H, and thereby their coefhcient matrix functions subject to the 
corresponding coefhcients of operators C,A4 : TL ^ TL, which are also called the 
Darboux-Backlund transformations 

Note also that the compatibility condition for the dressed differential operators 
£, AA is equivalent to some system of nonlinear evolution equations in partial 
derivatives and often this pair is called [HI El E] a Lax type or a Zakharov-Shabat 
pair. 

Consider now the structure of " dressed" operators 
(2.10) C^VLCCl-^, M^VtMVl-^ 

as elements of orbits of some Volterra group G_ |14[ [T5j . As one can see from 
(|2.11|l , these operators lie correspondingly on orbits of elements £, 7W S with 
respect to the natural co-adjoint group action of the group of pseudo-differential 
operators G_, whose Lie co-algebra Q*_ consists of Volterra type integral operators 



(2.9) n® 
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n{l) 

of the form I :— ^ aid~^bj , where n{l) £ Z+ is some finite number, i.e. 

i=0 

(2.11) 

nil) _ 

g*_ = {I = J2a^^~^bJ : a„h e C\ll^yy,S(R;EndC^)), 1=1^, n e Z+}. 

i=0 

Let us show that these orbits leave the space invariant, i.e. the "dressed" 
operators C and Ai : TC H under transformation H2.11|l persist to be differential 
with conservation of their orders. To do it let us consider an arbitrary pseudo- 
differential operator V : TC ^ H and note that the following identity 

(2.12) Tr (Vfd-'h^) := {Vf, d'^h^)g = {h, V+f)H 

holds, where, by definition, [■,-)h denotes the scalar product in the Hilbert space 



Tr(-) j dxresSp(- 



and the operation ( • means the projection upon the differential part of a given 
pseudo-differential expression. Based on the relationship (|2 . 1 2|l it is easy to prove 
the following ^21 lemma. 

Lemma 2.2. A pseudo- differential operator V : Ti. Ti. is pure differential if and 
only if the following equality 

(2.13) ih,{Pd')+f)H = {h,V+d'f)H 

holds with respect to the scalar product (■, ■)ff in H for all i G Z+ and any dense 
in Ti* X Ti set of pairs (/, h) G 7i* x Ti That is the condition f2.13\l is equivalent 
to equalityV+ — V . 

Making use of this Lemma in the case when V := C : H ^ H and taking into 
consideration the condition H2.13|l . one gets that 

[h, {Cd^)+f) - {h, (fi(^ - L)n-' ■ d%f) = 
= {h, 4^7) - {h, mtn-^ + nLn-')d'']+f) = 

ot 

= {h, ^d'f) - Tr {(r2ff2-ia* -I- nm-^d')fd-^h'^} = 



{h, ^97) - Tr {(1 - + 

l^)-l,^T^r/'1 I „;.ri i 



(2.14) 9''ip'^)L{l + ijnod^'ip )d'fd-'h'^) = 

= TT{Lid'f)d~'h^) = ih,L+d'f). 
When deriving H2.14|) we made use of the equalities Cip = 0, C*(p = for any pair 
((y9, ip) S Ti-Q X Ti.Q and the evident condition C+ — C. Thereby in accordance with 
lemma 1, the operator £ : 7i — > 7i remains to be differential and, moreover, the 
order ordL = ordL that follows from the definition H2.10|l . Similarly, the same 
proposition holds also for the "dressed" operator M : H ^ H, i.e. = M and 
ord M — ord M. As a conclusion from the results obtained above one can formulate 
the following proposition. 
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Proposition 2.3. The pair of " dressed" differential operators C, A4 : TC ^ H of the 
form obtained as a result of the Delsarte-Darhoux type transformation from a 

compatible Zakharov-Shabat commuting pair of differential operators C, M : Ti. Ti. 
in the form J|) persists to be a compatible pair of commuting differential operators 
in Ti. preserving their differential orders. The corresponding coefficient matrix 
functions of the Delsarte-Darboux transformed differential operators C,A4 : 7i — > 
Ti define a so-called Backlund-Darboux transformation for the coefficient matrix 
functions of the initially chosen compatible pair C, A4 : Ti. Ti. of differential 
operators. 

From the practical point of view at proposition 3, it is clear that the Delsarte- 
Darboux transformations are especially useful for construction of a wide class of 
so-called soliton [3 IHl IHI and algebraic solutions to the corresponding system of 
nonlinear evolution differential equations, which is equivalent to the compatibility 
condition for the obtained pair of " dressed" operators . A great deal of papers 
is devoted (see, for example [7||H]) to such calculations, where particular solutions 
of solitons and other types were built for different evolution differential equations 
of mathematical physics. 

3. General structure of Delsarte-Darboux transformations: a 
differential-geometric aspect 

A preliminary analysis of the Delsarte-Darboux type transformation operators 
constructed above for differential operator expressions in the case of a single vari- 
able a; G M shows that its form is rather restrictive concerning a class of possible 
transformations for operator differential expressions depending on two and more 
variables and admitting Lax type representations I 1 I •") ,8,, _X2,j .5, • Therefore it is 
important to consider a nontrivial multi-dimensional generalization of the proposed 
above scheme for construction these Delsarte-Darboux type transformations. Be- 
low we will present some short sketch of such an approach to this problem based 
on the preliminary results obtained in |2()l 1111 IT!?] . 

We consider as before a parametric functional space H Li{lt; H), It :— [0, T] S 
M+,where now H := L2{M?-,C^), in which there acts a (2-f l)-dimensional differen- 
tial operator expression £ : 7i H of the form 

(3.1) C 

L{t]x,y\d) 



with coefficients G C^{l;S{'M.^] EndC'^)), i,j = l,n{L). Applying the same 
scheme as used above we find that for the expression H3.1|l the standard identity 

d 



d/dt~L{t-xMd), 

Q<i+j<n(L) " 



(3.2) + 

holds for aU pairs {ip, ip) G D{C*) x D{C) cH*xH, where ip] and Z'-v^ [ip, tp] 

are some easily computable semi-linear forms on H* x H. From (37) with respect 
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to the oriented measure dt A dx A dy one gets easily that 

(< £*tp, tp > - < (p,Cil; >)dt A dec A = d{(p'^tp Adx Ady 

(3.3) +Z'^''=^[ip,ij]dy Adt- Z'^y^[ip,ij]dx Adt) := dZ^^^[ip,TP], 
where, by definition, 

(3.4) [ip, V'] = (p^Tp dxAdy + Z^^^ [ip, V] dy A dt + Z^^^ [ip, V] dt A dx 

is a semihnear on Hl_ x 7i_ differential 2-form on x L Therefore for alH e Z and 
any {(p{X;^),ij{n;ri)) 

& Hq X Ho C 7Y* X (A; ^), (/x; r/) e S, from a f closed subspace of the 
correspondingly Hilbert-Schmidt rigged parametric functional spaces ?{*_ x H- 
with S C being some "spectral" parameter set, the expression on the right-hand 
side of relationship H3.3fl can be made become identically zero if the conditions 

(3.5) C*ip = 0, C^^O 

hold on Hq X Hq. Thereby one can define the following closed dense subspaces 
C H*_ and Ho C H- similarly to ^fTJ^ as 

Ho : -{V^(A;e)eH_ :/:V(A;e) = 0, A^*(A;O=0, 

^(A;OL=o+ = ^x^Hl, L^^ = \^^, V^(e)|r = 0, 

t e I, {X:^ eT. = a{L,M)na{L*,M*) xJ:^, 

(3.6) n*o : ^MX;OeH*_:C*^{X;0=0, M*v{X;O=0, 
'^(A;OL=o+ = Vx^H*_, Mip^^X,ip^,ip{O\r = 0, 

t e (A;C) e s = ct(l,m) nCT(i*,Ar) X s,,}, 

where we imposed, correspondingly, on the spaces Til and ?i_ some boundary 
conditions at F C , where F is some one-dimensional smooth curve in M^. Now 
the differential 2-form H3.5|l becomes closed, i.e. dZ'^' [ip, -ip] = 0, that due to the 
Poincare lemma ^| brings about the following equality 

(3.7) z^^^Mx■,o,i^{^^■,v)] = dn^'\^{x■,o,H^^■,v)] 

for some differential 1-form ri^^''[tp{X;^),tp{iJ,;r])] on the space M.^ and all pairs 
{(p{^),ip{ri)) G Hq X Hq, ^,1] G S. Thus, the following proposition similar to one of 
gl holds. 

Proposition 3.1. Ifthe differential 2-form jg. 7| ) is closed for all pairs {^piOj i'iv)) ^ 
Hq X Hq, £_,rj £ T,, and vice versa if the 2-forms Z^^'>[tp{X; £,),'ilj{fj,;ri)], £,,7] £ E, 
are closed , then the pair of conjugated differential operators {L, L*) is adjoint with 
respect to the scalar form on H* x H. 

Applying now the Stokes theorem for a closed 2-form ()3.7|l on x we 

obtain that 

J z(2)[^(A;0Xm;'?)] 

S<2)(ff(l),<T<,l') 

dr!(i) [^(A; 0, v)] = J f^^'' b(A; 0, ^(m; v)] 

S(2)(cr(l),<T<,'') aS'(2)(cr(l),o-<l)) 
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(3.8) = / 17(i)[^(A;e),V(A^;r/)]- / [^(A; V(a^; ^7)] 



for some piecewise imbedded smooth compact two-dimensional surface 5^^^' (a, ctq) C 
K2 X I with the boundary dS'^^\a^^\a''o^) = ct^i) - ct^^\ where cr^^\a^o '' C M.^ x 
I are some closed homological one-dimensional cycles without self-intersections 
parametrized correspondingly by running point P{x, y; ,t) G x / and a fixed 
point P(a;o,yo;^o) e x /. 

Making use of the surface integral (|3.8|l and assuming that the closed cycle 

C X / is fixed, one can define the following mappings for the corresponding 
Delsarte-Darboux transformations on pairs of functions ((/?, ^) G TYq x Hq : 

V'(A; = ni^iX; e)) := J dp{p- r,) j dp{y; 7)V(m; v) 

S E 

xn-^{p]r]\v;-i)n^{v]-i\X]C), 



(3.9) ^(A;0 - ^®MX;0)-= J dp{p;rj)J dp{,^;^Mf,;Tj) 

E E 

xl7®--i(Ai;r;|i.;7)f]®(z.;7|A;e). 

where the Delsarte transmutation generator expressions r2(A; 7y) and ^i® (A; i]) G 
LjC^; C) X L2(S;C), (A; ^), (/x; 7y) G S, are as before considered to be nondege- 
narate kernels from ^2(^5 ^) ^ -^2(^5 The following proposition concerning the 
pair of spaces Hq 9 ip and TYq 3 holds. 

Proposition 3.2. The pair of functional spaces Ti^ andTio consisting correspond- 
ingly of functions {(PtiP) G Til x defined by the expressions Hcl.yp can be equiv- 
alently characterized as follows: 



(3.10) 



Ho 

Mij{X;0 
V'(A;Olf 

/to 

>[*^(A;77) 
<^(A;?7)|f 



= MA;e)eHl:/:^(A;O=0, 

0, V'(A;Oko =^A e -ff-, i = A^Aa, 

0, (A;0 e S = o-(i,Af) nCT(Z*,M*) X S^} 

^{ipiX;r^)en*_:C*ip{X;r,)^0, 

0, L*(^A = A-^A. "^(A; v}\to ^'fx^H*,, 

0, (A;7/) G E = CT(i,M) nCT(i*,Ar) X 



(3.11) 7i:*:=0 

/or some piecewise smooth curve F C K^. 

Based now on this Proposition, the mappings l|3.10|l can be extended naturally 
on the whole space 'H*_ x Ti.- by means of the just used before classical method of 
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variation of constants 1181 ITT] and give rise easily to the exact forms of the pair 
of Delsarte-Darboux mapping ($1,$!®) upon the whole space H* x H : 

n : ^1- j dp{^]ni) j dp{u;-t)i!{^j.]rii)n-l{ii:ri\u]-i) 
X / Z(™-i)[^(i.;7),(-)] 

JS<2)(ct(i),<t<,^') 

(3.12) fl® : ^1- ldp{p;rj)ldp{,,;^)ip{p;rj)nf^-\p;7^\i.;j) 

■/S(2)(<t(1),<t(1') 

defined for some imbedded into x I piecewise smooth two-dimensional surface 
) C X spanned between two closed homological cycles cr'^^-' and 
ctq"^^ C X I as its boundary, that is dS^'^\a^^\ a''^'') :— a^^^ — (Tq^^ It is seen from 
(|3.12|l that found above Delsarte transmutation operators fl :7i ^ Tl and ft® : 
H*-^ H* are bounded of Volterra type integral operators, strongly depending on 
a measure p on the " spectral" parameter space S and some piecewise smooth two- 
dimensional surface iS'*-^-' {cr^^\ o'o^'') parametrized by a running point P{x, y; t) £ 
xZ and a fixed point P(xo, j/o; ^o) G x L 

Making now use of the bounded Delsarte-Darboux integral transformation oper- 
ators l)3.12|l of Volterra type, one can now as before to construct the corresponding 
Delsarte-Darboux transformed differential operator C :TL ^ TL as follows: 

(3.13) c = c + [n,c]n-^. 

Since the expression (|3.13|) contains the inverse integral operator : 7i — > ?i, it 
can be found from H3.12|l making use of the symmetry properties between closed 
subspaces TL^ x T^o and Hq x Hq : 

: ^1- Jdp{p;i])Jdp{i^;'^)ip{p;r])n-^{p.;ri\v;'^) 



x / Zmi.;j),i-)] 

JS(2)(o-(l),o-<,^>) 



(3.14) n®-i : ^1- dp{p-r,) dp{v-^)ip{ii-ri)h®-\^x-rjy,^) 





S E 

r ;(™-i).T 
X / [(•),V'(i^;7)], 

for (^(A; ^), ■0(/.t; ry)) e TYp x Hq, (A; ^), (^; ry) £ S, satisfying the conditions H3.10|l . 

As a results of direct calculations in (|3.13|l based on expressions H3.14|l one can 
find the corresponding Delsarte-Darboux transformed coefficient functions of the 
transformed operator £ : 7i — > 7i parametrized by piecewise smooth closed one- 
dimensional homological cycles cr^^-', ctq^'' C x L We don't present here these 
expressions in the general case of operator H3.1|l ) as they are too cumbersome for 
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writing down. Application of the constructions developed in the article we are going 
to deliver in detail in Part 2. 
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